A note on the Lagrange polynomials in several variables  by Erkuş, Esra & Altın, Abdullah
J. Math. Anal. Appl. 310 (2005) 338–341
www.elsevier.com/locate/jmaa
Note
A note on the Lagrange polynomials in several
variables
Esra Erkus¸ ∗, Abdullah Altın
Ankara University, Faculty of Science, Department of Mathematics, Tandog˘an 06100, Ankara, Turkey
Received 9 September 2004
Available online 10 March 2005
Submitted by H.M. Srivastava
Abstract
Recently, Chan, Chyan and Srivastava [W.-C.C. Chan, C.-J. Chyan, H.M. Srivastava, The Lagrange
polynomials in several variables, Integral Transform. Spec. Funct. 12 (2001) 139–148] introduced
and systematically investigated the Lagrange polynomials in several variables. In the present paper,
we derive various families of multilinear and multilateral generating functions for the Chan–Chyan–
Srivastava multivariable polynomials.
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1. Introduction
The familiar (two-variable) polynomials g(α,β)n (x, y) generated by
(1 − xt)−α(1 − yt)−β =
∞∑
n=0
g(α,β)n (x, y)t
n, (1.1)
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E. Erkus¸, A. Altın / J. Math. Anal. Appl. 310 (2005) 338–341 339where |t | < min{|x|−1, |y|−1}, are known as the Lagrange polynomials which occur in
certain problems in statistics [2, p. 267] (see also [4, p. 441 et seq.]). The multivariable
extension of (1.1) generated by
r∏
j=1
{
(1 − xj t)−αj
}=
∞∑
n=0
g(α1,...,αr )n (x1, . . . , xr )t
n
(|t | < min{|x1|−1, . . . , |xr |−1}), (1.2)
was introduced and investigated systematically by Chan, Chyan and Srivastava [1]. In this
case, (1.2) yields the following explicit representation [1, Eq. (6), p. 140]:
g(α1,...,αr )n (x1, . . . , xr ) =
∑
k1+···+kr=n
(α1)k1 · · · (αr)kr
x
k1
1
k1! · · ·
x
kr
r
kr ! , (1.3)
where (λ)k := λ(λ + 1) · · · (λ + k − 1) and (λ)0 := 1 denotes the Pochhammer symbol.
We also refer to the relevant fact that Srivastava [3, especially see p. 767, Eq. (5.8)] gave
a family of generating functions involving the Stirling numbers of the second kind for the
Chan–Chyan–Srivastava multivariable polynomials defined by (1.2).
The aim of the present paper is to derive various families of multilinear and multilat-
eral generating functions of the Chan–Chyan–Srivastava multivariable polynomials given
by (1.3).
2. Bilinear and bilateral generating functions
In [1], Chan, Chyan and Srivastava have obtained several different families of bilinear
and bilateral generating functions for the polynomials (1.3). On the other hand, for the
same polynomials, Srivastava found a family of generating functions associated with the
Stirling numbers of the second kind (see [3, especially p. 767, Eq. (5.8)]). In this section,
we now derive some further families of bilinear and bilateral generating functions for these
polynomials.
We first need the following addition formula given by Chan, Chyan and Srivastava
[1, Eq. (35), p. 147]:
g(α1+β1,...,αr+βr )n (x1, . . . , xr ) =
n∑
k=0
g
(α1,...,αr )
n−k (x1, . . . , xr )g
(β1,...,βr )
k (x1, . . . , xr ).
(2.1)
Then we have the following
Theorem 2.1. For a non-vanishing function Ωµ(y1, . . . , ys) of complex variables y1, . . . , ys
(s ∈ N) and for p ∈ N, ψ ∈ C, α = (α1, . . . , αr), β = (β1, . . . , βr ) let
Λ
n,p
µ,ψ,α,β(x1, . . . , xr ;y1, . . . , ys; z) :=
[n/p]∑
k=0
akg
(α1+β1,...,αr+βr )
n−pk (x1, . . . , xr )× Ωµ+ψk(y1, . . . , ys)zk, (2.2)
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n/p. Then we have
n∑
k=0
[k/p]∑
l=0
alg
(α1,...,αr )
n−k (x1, . . . , xr )g
(β1,...,βr )
k−pl (x1, . . . , xr )Ωµ+ψl(y1, . . . , ys)z
l
= Λn,pµ,ψ,α,β(x1, . . . , xr ;y1, . . . , ys; z) (2.3)
provided that each member of (2.3) exists.
Proof. Let T denote the left-hand side of equality (2.3). Then, by some simple calcula-
tions, we get
T :=
[n/p]∑
l=0
n−pl∑
k=0
alg
(α1,...,αr )
n−pl−k (x1, . . . , xr )g
(β1,...,βr )
k (x1, . . . , xr )Ωµ+ψl(y1, . . . , ys)z
l
=
[n/p]∑
l=0
alΩµ+ψl(y1, . . . , ys)zl
n−pl∑
k=0
g
(α1,...,αr )
n−pl−k (x1, . . . , xr )g
(β1,...,βr )
k (x1, . . . , xr ).
By (2.1) and (2.2),
T =
[n/p]∑
l=0
alg
(α1+β1,...,αr+βr )
n−pl (x1, . . . , xr )Ωµ+ψl(y1, . . . , ys)z
l
= Λn,pµ,ψ,α,β(x1, . . . , xr ;y1, . . . , ys; z)
whence the result. 
In a similar manner, we also get the following result immediately.
Theorem 2.2. Corresponding to an identically non-vanishing function Ωµ(y1, . . . , ys) of
complex variables y1, . . . , ys (s ∈ N) and of complex order µ, let
Λµ,ψ(y1, . . . , ys; τ) :=
∞∑
k=0
akΩµ+ψk(y1, . . . , ys)τ k (ak = 0, ψ ∈ C),
and
Θµ,ψn,p (x1, . . . , xr ;y1, . . . , ys; ζ )
:=
[n/p]∑
k=0
akg
(α1,...,αr )
n−pk (x1, . . . , xr )Ωµ+ψk(y1, . . . , ys)ζ
k,
where n,p ∈ N. Then by means of the similar method used in Theorem 2.1 we get the result
immediately
∞∑
n=0
Θµ,ψn,p
(
x1, . . . , xr ;y1, . . . , ys; η
tp
)
tn =
r∏
i=1
{
(1 − xit)−αi
}
Λµ,ψ(y1, . . . , ys;η)
(2.4)
provided that each member of (2.4) exists.
E. Erkus¸, A. Altın / J. Math. Anal. Appl. 310 (2005) 338–341 341Observe that, for every suitable choice of the coefficients ak (k ∈ N0), if the multivari-
able function
Ωµ+ψk(y1, . . . , ys) (s ∈ N)
is expressed as an appropriate product of several simpler functions, the assertions of The-
orems 2.1 and 2.2 can be applied in order to derive various families of multilinear and
multilateral generating functions for the Chan–Chyan–Srivastava multivariable polynomi-
als.
Finally, differentiating each member of the generating function (1.2) with respect to t ,
we arrive at the following recurrence relation for the Chan–Chyan–Srivastava multivariable
polynomials:
ng(α1,...,αr )n (x1, . . . , xr ) =
r∑
k=1
αk
n−1∑
m=0
xn−mk g
(α1,...,αr )
m (x1, . . . , xr ). (2.5)
If we take
∑r
k=1 αk = −n in (2.5), then we have a different relation for these polynomials
as follows:
r∑
k=1
αk
n∑
m=0
xn−mk g
(α1,...,αr )
m (x1, . . . , xr ) = 0.
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